In many branches of mathematics, one encounters the question of how to reconstruct a convex set from information on its vertices. This idea successfully emerged as the Krein-Milman theorem for compact convex subsets of locally convex spaces since any such set has plenty of extreme points. For any point of a compact convex set, a reformulation of the Krein-Milman theorem provides a representing measure that is concentrated in some sense on the set of extreme points. The goal of our book is to present a more general approach to integral representation theory based upon a notion of a function space and apply the obtained results to the theory of convex sets, Banach spaces and potential theory.
Introduction
In many branches of mathematics, one encounters the question of how to reconstruct a convex set from information on its vertices. This idea successfully emerged as the Krein-Milman theorem for compact convex subsets of locally convex spaces since any such set has plenty of extreme points. For any point of a compact convex set, a reformulation of the Krein-Milman theorem provides a representing measure that is concentrated in some sense on the set of extreme points. The goal of our book is to present a more general approach to integral representation theory based upon a notion of a function space and apply the obtained results to the theory of convex sets, Banach spaces and potential theory.
We point out that this approach is far from being new, but we hope that our exposition may be profitable both for students interested in the basics of integral representation theory as well as for more advanced readers. The former group could be attracted by a self-contained presentation of the Choquet theory, the latter by a substantial amount of results of fairly recent origin or appearing in a book form for the first time. We also try to incorporate more techniques from descriptive set theory into subject, which further supports our belief that the book will be worth reading even for those well acquainted with the monographs by E. M. Alfsen [5] , R. R. Phelps [374] , Z. Semadeni [414] , L. Asimow and A. J. Ellis [24] or V. P. Fonf, J. Lindenstrauss and R. R. Phelps [179] .
Let us continue by looking briefly at the contents of the book. After a prologue on the Korovkin theorem, we present basic facts on the extremal structure of finitedimensional compact convex sets. Then we move on to infinite-dimensional spaces and prove the Krein-Milman theorem and several of its consequences. The second part of Chapter 2 studies the concept of measure convex and measure extremal sets.
Chapter 3 is devoted to cornerstones of the Choquet theory of functions spaces such as the Choquet order and its properties and integral representation theorems due to G. Choquet and E. Bishop and K. de Leeuw. Even though the results are standard, the key limiting process is established by means of the Simons lemma, which allows us to present later on several of its applications. The chapter is finished by a discussion on deeper properties of the Choquet ordering.
The next chapter studies basic properties of affine functions on compact convex sets and characterizations of functions satisfying the barycentric formula. A link between the theory of function spaces and compact convex sets starts to emerge at the end of the chapter.
Chapter 5 is crucial for the subsequent application of descriptive set theory; it describes a hierarchy of Borel sets and functions in topological spaces and proves their basic properties. The most important fact is that many descriptive properties are stable with respect to perfect mappings, which allows us to transfer abstract Borel affine functions to the setting of compact convex sets.
Simplicial function spaces are studied in Chapter 6. We discuss several classes of simplicial function spaces, namely the Bauer and Markov simplicial function spaces and spaces with boundary of type F σ . Among other results, the abstract Dirichlet problem for continuous and non-continuous functions is considered. Choquet simplices are presented at the end of the chapter.
Next we generalize the basic concepts for function cones since they are indispensable in potential theory. We focus in particular on ordered compact convex sets.
Analogues of faces in a non-convex setting, so-called Choquet sets, are investigated in Chapter 8. The main result is a characterization of simplicial spaces by means of Choquet sets.
Suitably chosen families of closed extremal sets generate interesting boundary topologies on the set of extreme points. Chapter 9 studies these topologies and functions continuous with respect to them. It turns out that maximal measures induce measures on sets of extreme points that are regular with respect to boundary topologies. The last section is devoted to a study of a facial topology and facially continuous functions.
Chapter 10 collects several deeper results on function spaces and compact convex sets. Among others, study of Shilov and James boundaries, Lazar's improvement of the Banach-Stone theorem, results on automatic boundedness of affine and convex functions, embedding of ℓ 1 in Banach spaces, metrizability of compact convex sets and their open images and some topological properties of the set of extreme points.
The Lazar selection theorem and its consequences occupy the first part of Chapter 11. The second part is devoted to a presentation of Debs' proof of Talagrand's theorem on measurable selectors.
Chapter 12 is concerned with two methods of constructing new function spaces: products and inverse limits. We show that both operations preserve simpliciality and describe resulting boundaries. The inverse limits lead to an interesting description of metrizable simplices as inverse limits of finite-dimensional simplices. The general results are illustrated by a construction of the Poulsen simplex and a couple of compact convex sets due to Talagrand.
In Chapter 13, general results from Choquet's theory are applied to potential theory and several of its basic notions are investigated from this perspective. Important function cones and spaces appearing in potential theory are studied in detail, in particular, in connection to various solution methods for the Dirichlet problem. The functional analysis approach makes it possible to provide an interesting interpretation, for instance, of balayage and regular points in terms of representing measures and the Choquet boundary of suitable spaces and cones. The exposition covers potential theory for the Laplace equation and the heat equation as well as a more general
• A△B is the symmetric difference of sets A and B,
• A c is the complement of a set A,
• f ∧ g, f ∨ g denote the infimum and supremum of functions f, g, respectively, (usually they are considered pointwise),
• f + , f − , |f | denote the positive and negative parts, and absolute value of a function f , respectively,
• f | A is the restriction of a function f to a set A,
• if F is a system of functions, F b and F + are the families of all bounded and positive elements from F, respectively,
• ω 0 and ω 1 are the first infinite and first uncountable ordinals, respectively,
• A, Int A, ∂A are the closure, interior and boundary of a set A in a topological space, respectively,
• dist(A, B) denotes the distance of sets in a metric space,
• diam A is the diameter of a set A in a metric space,
• U (x, r), B(x, r) and S(x, r) are the open ball, closed ball and sphere centered at x with radius r > 0, respectively,
• co A and span A are the convex and linear hull of a set A in a vector space, respectively, coA is the closed convex hull of a set A in a topological vector space,
• ker T denotes the kernel of an operator between linear spaces,
• B E , U E and S E are the closed unit ball, open unit ball and sphere of a normed linear space E, respectively,
• E/F is the quotient space of a locally convex space with respect to a closed subspace F ,
• E ⊕ F is the sum of locally convex spaces E and F ,
• E * is the dual space of a topological linear space E,
• (x, y) stands for the scalar product of vectors x, y in a Hilbert space,
• c 0 is the space of sequences converging to 0,
• C(X) is the space of real-valued continuous functions on a topological space X,
is the space of bounded continuous functions on a topological space X,
, are the usual Lebesgue spaces (see Section A.3).
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